
AO-A093 165 ILLINOIS UNIV AT CHICAGO CIRCLE DEPT OF MATHEMATICS F/6 12/1
ON THE CONSTRUCTION OF BIB DESIGNS WITH VARIABLE SUPPORT SIZES.(U)
OCT G0 A HEDAYAT, H L HWANG AFOSR-76-3050

UNCLASSIFIED AFOSR-TR-80-1194 NI

*2'- ffl..fflflfflflf



11W1 ' IL8 Q53Ill __- ,
1111L 2~I 12.2

MICROCOPY RESOLUTION TEST CHART
NATIONAL BURiAti Of STANDARDS 1963 A



i: /

ON THE CONSTRUCTION OF BIB DESIGNS WITH
VARIABLE SUPPORT SIZES

by
A. Hedayat and H.L. Hwang

Department of Mathematics
University of Illinois at Chicago

October, 1980

Accession For

NTIS GRA&I
DTIC TAB 0
Unannounced Q
Justification

By-

Distribution/

Availability Codes
Avail and/or

Dist Special DTIC
SELECTEDEC 11

Research is supported by Grant AFOSR-76-5050W D

7b

- - 4 - -



REPq ,  DOCUMENTATION PAGE READ INSTRUCTIONS
•NBEFORE COMPLETING FORM

S T '. .. 2. GOVT ACCESSION NO. 3. RECIPIENT'S CATALOG NUMBER

-jrr nd Sf., 5;YEO REPORT & PERIOD COVERED

2 TH ONSTRUCTION OF W .DESIGNS WI~hI/.

7. AUTHOR(s) B. CONTRACT OR GRANT NUMBER(s)

/)A.jHedayat-WckH. Hwang

19 \r/ _ AA~R-75L

9. PEPVO fTGRGfNI-ZATION NAME AND ADDRESS 1 PROGRAM ELEMENT, PROJECT, TASK

University of Illinois at Chicago AREA & WORJK UNIT NUMBERS

Department of Mathematics
Chicago, Il 6068051602 IJY1

I. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT d T -AFOSR " I 16b(r

Boiling AFB, Washington DC 2033 Octe t /
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ 34

14. MONITORING AGENCY NAME & ADDRESS(if different from Controtllng Office) 15. SECURITY CLASS. (of this report)

NCIA STFTFD
1S.. DECLASSIFICATION' DOWNGRADING

SCHEDULE t.

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, if different from Report)

10. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side if necessary and identify by block number)

BIB designs, support sizes, (v,k) trades.

;r)
20. ABSTRACT (Continue 4 reverse side If necessary and Identify by block number)

& A balanced icomplete block (BIB) design with b blocks is said to have
suooprt size b* when exactly b* of the b blocks are distinct. The impor-
tance and the applications of BIB designs with b* b in design of experiments
and controlled samplin were explained in detail in Foody and Hedayat (1977)
and Wynn (1977). A n~Qd of constructing BIB designs with various support
sizes form known designg is introduced. This method, together with another
method called, 4trade-offd which as introduced by Heydayat and Li (1979) are
o.1 1 4.e,, t-,.O.n-ct-ni't RTR d igrig with v = 8. k = 4 in particular. A table .v

DD I 'ORM 1473 EDITION OF I NOV 6s IS OBSOLETE UNCLASSIFIED

'SECURITY CLASSIFICATION OF THIS PAGE (*%.n Vate nt.r.d

- . ,-- . ..- IS



SCCURITY CLASSIFICATION OF THI

-?of BIB designs with 141 b*&70, b* 15,16, 17,19 with v = 8 and
k =4 is included.

"I i
F

C' i

UCLASSIFIEM
SECURITY CLASSIFICATION OF t-- PAGOE(ten Dots Fnfered)

I.



ON THE CONSTRUCTION OF BIB DESIGNS WITH
VA1RIABLE SUPPORT SIZES

by
A. Hedayat and H.L. Hwang

Department of Mathematics
University of Illinois at Chicago

ABSTRACT

A balanced incomplete block (BIB) design with b blocks is

said to have support size b when exactly b of the b blocks

are distinct. The importance and the applications of BIB designs

with b < b in design of experiments and controlled sampling

were explained in detail in Foody and Hedayat (1977) and Wynn (1977).

A method of constructing BIB designs with various; support sizes

from known designs is introduced. This method, together with an-

other method called, "trade-off", which was introduced by Hedayat

and Li (1979) are utilized to construct BIB designs with v = 8,

k 4 in particular. A table of BIB designs with 14 b* 70,

b* 15,16,17,19 with v = 8 and k = 4 is included.
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1. Introduction: Following the standard notation we consider BIB

designs with parameters v,b,r,k and 1. It is known that BIB

designs with repeated blocks are useful in experimental designs

and in controlled sampling (see Foody and Hedayat (1977) and Wynn

(1977) for detail). The structure of BIB designs with repeated

blocks has interested researchers since the 60's, for example,

see Parker (1963), Seiden (1963), Stanton and Sprott (1964 ), Mann

(1969), van Lint and Ryser (1972), van Lint (1973,1974) and Wynn

(1977). More recently Foody and Hedayat (1977). Hedayat and Li

(1979) and Hedayat and Khosrovshahi (1979) systematically studied

the techniques of constructing BIB designs with various support

sizes for a given v and k. Foody and Hedayat (1977) showed

that the combinatorial problem of searching for BIB designs with

repeated blocks is equivalent to the algebraic problem of finding

solutions to a set of homogeneous linear equations. A table of

designs based on v = 8 and X = 3 with 22 < b 56 were

produced by using this equivalence. Hedayat and Li (1979) intro-

duced a method called "trade off" which was utilized to construct

BIB designs with v = 7 and k = 3 with all possible support

sizes. Hedayat and Khosrovshahi (1979) utilized a linear algebraic

technique to study BIB designs with v = 6 and k = 3 and produced

a corresponding table of designs on all possible support sizes. It

can be found that these tablep provided by the above authors contain

only the designs with minimum b corresponding to each support

size b



This report is a continuation of the above research. In

Section 3. we introduce a method of constructing BIB desiLns with

various support sizes from known desivns. Using this method we

11Lv o rlcd "t of, the I~sI~~ iL 1rTbe1w ~ .1E:

v - 8 and k = 4l, except for b = 25,41,42,55. However this

method is applicable only when some known designs exist and satisfy

certain conditions. In Section 4, we study the "trade off" method

and give a more explicit way to use the "trades". The designs
X

corresponding to b = 215,41,42,55 in Table 1 are constructed

through this method. In the Appendix we have proved that there

is no (v,k) trade of volume t for t = 1,2,3. The nonexistence

of a (v,k) trade of volume 5, for k , 4 is proved by computation.

It is important to note that for a given number b , if dI  is a

BIB(v, .b rI., k, Ab), such that 1I  ls in nimLum atntio1 thosc des itri

with support size b and if d contains a BIB design d2 which

contains bmin blocks such that bmin  is the minimum positive in-

teger solution for b satisfying (i) bk = vr and (ii) )(v-l) = r(k-l)

with Xr positive integers, then the existence of a BIB(v,b.rkX lb )

is always guaranteed for b > b1  and b satisfying (i) and (ii).

The designs listed in Table 1 are selected to fit the above proper-

ties. Hereafter, for simplicity, we shall refer to the BIB(8,14.7,4.3)

presented in the first column of Table 1 as the first design. Except

for b = 23, all the BIB designs found in Table 1 contain the first

design. While the design for b = 28, b = 23 in Table 1 is actually

a combination of two BIB(8,14,7,I,3) (.E'c .:x;unple 4l.).

- A **i'



2. Definitions and notation.

Let V = (1,2,...,v) and let v~k be the set of all distinct

subsets of size k based on V. Elements of vZk will be called

blocks. A block of size 2 will be referred to as a pair. A block

of size k consisting of elements XlX 2 ...,xk will either be

denoted by (x1 x2 ... xk) or Xl X2 ... xk , while the order among

the k elements are immaterial.

A balanced incomplete block design, d. with the parameters

v,br,k and X, written BIB(v,b,r,k,X), is a collection of b

elements of v2k with the properties that:

(i) each element of V occurs in exactly r blocks;

(ii) each element of vr2 appears together in exactly
X blocks.

Note that repeated blocks are allowed in a BIB design. The

number of distinct blocks in a BIB design d, denoted by b *, is

called the support size of d and the support of d is defined

to be the collection of b distinct blocks contained in d.

We will denote a BIB(v,b,r,k,l) with support size b by

BIB(v,b,r,k,llb*) A BIB design with b = b* = (v (the cardinalityb -kJ

of v~k) is denoted by d(v,k) and referred to as the trivial BIB

design based on v and k.

Order the blocks in vZk and let Bi be the ith element

of v k, we identify Bi with the - -dimensional column vector

whose entries are zeros except that the ith entry is one. Then

a balanced incomplete block design can also be identified with a

S,,-, -- .' " • . ' ' .. A -'. Iy . -'' .. -.. ° ..Y
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(v)-dimensional column vector F = (fl f2 .... ' , in which f

denotes the frequency of the ith element of vrk in the design.

In terms of this, a BIB(v,b,r.k,)jb*) can be regarded as f i B

with fi nonnegative integers and Bi C v7zk such that:

(i) r = b and ! 1 = b
i fij0

(ii) F fi. r and .f I for any x E V
Bi)X B i(xy)

and (xy) E vr2.

Throughout this report. 0 will denote an mxn zero matrix~-mxn

and 3mxn is an mxn matrix with all entries equal to one. To

avoid messy expressions the dimensions of matrices should be deduced

from the context if they are not explicitly specified.

3. A Method of constructing BIB designs.

Let S and Sk2 be subsets of vrk such that

Skl = Xl..-Xk; xi # v, for all i = 1,2,...,v) and Sk2 =  X k;

v or stome ii. Clearly, ki 4k = ) and vk 'Sk1 .

Assume the blocks in vTk are ordered in the following manner: the

blocks in Skl precede those in Sk2 and for each i, the blocks in

Ski are ordered lexicographically. Let P be the incidence matrix

of pairs versus blocks based on V. i.e.. P is a (v) by (v) matrix

with pi, = 1 if the ith pair is contained in the Jth block



and piJ =0 otherwise. Then

PII1 P12

P
P1

where PJ is the incidence matrix of the pairs in S21 versus

the blocks in Skj. 1= 1,2, J = 1,2. Indeed P21 0 is a zero

matrix.

Theorem 3.1. Suppose d i  is a BIB(v-l,bi,,ki~xilb,), i = 1,2

and kI = k2 + 1 = k. Then there exists a BIB(v,bl+b2 , r 2+r2

kXl+1 bl+b2 ) if and only if r2 = I+2*

Proof: Let d3  be the new design obtained from d2  by augmenting

the vth element to each block of d2 . Note that d 1 d =

and d3  is not a BIB design. Let d = d 1 u d3  and let

F i = ii 2 ,...) be the (k)-dimensional column vector in

which fij is the frequency of the Jth element of vrk in di.

i = 1,3. Then F = F1 + F3  is the frequency vector associated

with d based on P. According to the way we ordered vrk,

F, 0]'F~ and F F0 TF1  where F, is a (V1)
LL13 = F1. 3 k

dimensional column vector and F is a (v-l\dimensional column

vector. Then

I -
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PF = P + 12 .PF PF F--- --- -----

Thu 11 Ps 1 +I de 12 Fn onl Xf 1 + 2 =r

PF+ P F ).+.

Thus d is a BIBdesign ifand only ifI+X r

Example 3.1. Let d be BIB(8,14,7,4,311), the first design in

Table 1. Let d1 be consisting of five copies of d and

d2 = d(8.3), we have:

r= 35, kI = = 15, bI = 70, b =14;

r 2 = 21, k2 = 3. = 6, b2 = 56, b2 = 56

and r2 = X 1 + 1 = 21.

Augment 9 to each block of d2  to obtain d3 . Then d U d3

is a BIB(9,126,56,4,21170).

Corollary 3.1. (1) Suppose v = 2k and k is even. Let d1

be BIB((2k-1), (2k-l)tl, ktl, k, kt I b*) and d be

BIB((2k-1), (2k-l)t2, (k-l)t2, k-1, (k-2)t2 /2  b2 ). Then there

exists a BIB(2k, 2(2k-1)t, (2k-1)t, k, (k-1)t b* + b2) if and

only if t1 = t2 t.
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(ii) Suppose v 2k and k is odd. Let d1  be BIB((2k-l),

2(2k-l)tl, 2ktI, k, kt I  b1 ) and d be BIB((2k-l), 2(2k-l)t2 ,

2(2k-l)t2 , k-1, (k-2)t2 I b*). Then there exists a BIB(2k, 4(2k-l)t,

2(2k-l)t, k, 2(k-l)t lb* + b*) if and only if tI = t2 = t.

Since a BIB((2k-l), b, r, k, x) is indeed the complement of

a BIB((2k-I), b, b-r, v-k, b-2r+l). an alternative way to describe

the above is that suppose d. is BIB((2k-I), b, r, k-l, k I b').

i =1,2, then d' U d' is a BIB(2k, 2b, b, k, b-2r+2. I b + b
1 2 1 2

where d' consists of the blocks obtained by augmenting the
1

(2k)th element to each block of d1  and d is the complementary

design of d2 based on (2k-l) elements.

Remark 3.1. When d = then ' is indeed self comple-1 d2  e - 2

mentary and hence a 3-design. (See Hedayat and John (1974).)

Example 3.2. Let v = 8 and k = 4.

Let dI = (124, 235, 346, 457, 561, 672, 713) and

d2 = (124, 135, 167, 237, 256, 346, 457).

Then d' = (1248, 2358, 3468, 4578, 561a, 6728, 71381 and

d' = (3567, 2467, 2345, 1456, 1347, 1257. 1236).

It can be easily checked that d' U d is a BIB(8,1d2 ,7,4,3114).

1



Example 3.3. Let v = 8 and k =4.

Let d =d = (124, 235, 346, 457, 561, 672, 713).

Then d' = (1248, 2358, 3468, 4578, 5618, 6728, 7138),

d= (3567, 1467, 1257, 1236, 2347, 1345, 2456)

and d' U d' is not only a BIB(8,14,7,4,3114) but also a 3-design.1 2

Hedayat and Li (1979) have produced a table of designs based

on v = 7 and k = 3 with all possible support sizes. We can

now use their table and the above method to construct BIB designs

based on v = 8 and k = 4. Most designs except for

b = 23, 41, 42, 55 in .tble 1 are found this way.

4. The trade off method.

If B. is a block in vrk and ti is an integer, the

collection

= t B t = 0 for all (xy) E vE2}
li i i i:BiD(xy)

is of particular interest. Following Hedayat and Li (1979), ele-

ments of a are called (vk) trades. The sum of positive ti's

in a (v,k) trade is referred to as the volume of the trade. (It

can be easily seen that the sums of positive t Is and negative

ti's in a (v,k) trade are equal). Whenever a BIB(v.b.rk,&)

exists, any other design with the same parameters can be obtained

by adding proper elements of .

I. A.mom
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Example 4.1. Let v = 8 and k = 4.

Then (1238) + (1456) + (1478) + (1678) + (2467) + (2578) + (3458)

+ (3468) + (3567) - (1278) - (1358) - (1467) - (1468) - (2348)

- (2567) - (3456) - (3678) - (4578) represents a trade of volume

9. When this trade is added to the BIB design dl = (1236) +

(1245) + (1278) + (1357) + (1358) + (1467) + (1468) + (2347)

+ (234s8)+ (2567) + (2568) + (3456) + (3678) + (4578). we obtain

another BIB design d2 = (1236) + (1238) + (1245) + (1357)

+ (1456) + (1478) + (1678) + (2347) + (2467) + (2568) + (2578)

+ (3458) + (3468) + (3567). In other words, from dI  the nine

blocks (1278), (1358), (1467). (146s). (2348). (2567), (3456),

(3678) and (4578) have been traded for the blocks (1233),

(1456), (1478). (1678), (2467), (2578), (3458), (3468) and (3567)

to obtain the second design d2 .

The design d + d2  being a BIB(8, 28, 14, 4, 6123) is listed

in Table 1.

It is obvious that the sum or the difference of any two (v.k)

trades is still a (v,k) trade. Therefore Z forms a Z-module.

Let Sv  be the symmetric group on V. Let T = tiB i bei i

a (v,k) trade. For a E Sv, let Ta = t B7 wherei

B9 = (a(xI ) a(x,) ... c(xk))' if B = (xI x2 ... xk).

The following theorem gives a generator for the (v.k) trades.

B __ i:
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Theorem 4.1. (Graham, Li and ri).

The module , for (v,k) trades is generated over Z by

the collection (Ta:a e Sv ) where

T (153W) + (2245w) + (236w) + (146w)

- (246w) - (136w) - (145i) - (235W) (4.1)

and W = 78 ... (k+3).

Theorem 4.2.

Let (Bi:i = 1,2,3,11) be a collection of blocks of size k

on V. Suppose (Bi  has the following properties:

4
(i) U Bi = (Xlx 2 ,...,x 6 , x1, .... exk+ 3  and

i=l

4
) = (X , ..., xk+

i=l

(ii) each element of (xl,...,x 6) occurs twice in U B.,
11

and each pair of (xl,...,x 61 occurs together
64

either zero or once in U B..
1

For each i, let i be such that Bi U i = (xl,''''x6l

x7,...,xk+3 ) and B i n i = (x7 9x8,...,xk+3). Then is a

block of size k and T Bi - r B i a (v,k) trad,- of

volume 4.

-%
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Proof: Let x,x J C (xl,...,x 6 , x? ,.... Xk+3 ), also let n(xi,xj)

and n(xi,xi) denote the number of times that x and x occur

together in U Bi and U 13' respectively.

Case i. xi,x x ,. , then n(xi,x.) = = 4.

Case ii. X (xl,''''x6 but xj E (x7,...,X 3), then

n(x,x =2. By (ii) we may assume x c B B2  but

x i 4 B5 U B4 . Hence x 4 I 2 and x 4

and n(xi,x J) = 2.

Case iii. xi,x j € (X1 ,...,x 6 , either n(xixj) 0 or 1.

If n(xi,x ) = 0, we may assume x i c B1 n B2  but xi 4 B3 '2 B4

and x B 1 U B2  but x c B U B4 . This implies x1 4 Si U S 2

but x I ES3 M 7 and x c B1 ' S 2 but x1 4 73 U -4 and

R(xix j ) = 0.

If n(xi~xj) = 1, we may assume x i c B1  B2 and x. E B2 n B3

but xi 4 B3 B,1 B4 , xj 4 B1 11 B4 ' This implies that xi 4 S, j UC

x 4 f2 S3 3 4xbut xj C 3 n 3 E E f 1 and hence n(xi.x j ) = 1.

Thus Ti(xi,x j ) = n(xi,xj) for all xi,xC (xl, .... xk+s) and
4 4

T 1 Bi - B ' i is a (v,k) trade of volume 4.

Let " denote the collection of trades of volume 41 with the

properties described in Theorem 4.2. We have the following:

Theorem 4.3. n = (T;a c S V , where T is the same as (4.1).

Hence the module for (v,k) trades is generated over Z by .
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4 4
Proof: Let T1 e ', we may assume T1  r B. - ] with11 11

B1 = x X2X3W', B2 =xx 4x5W', B3 = x2x 4x6W', B4 : x3xsx6 W' and
1 xxx 6w' B2  x25'' 3 2 46W" 4 = X 6X

W' = x x 8 ... Xk+3.

Let xI = a(1), x2 = a(6 ), x3 = a(4), x 4 = c(3), x5 = C(5),

x6  a(2)., and x. a(j) for j = 7,8,...,k+3. Then T1  T'.
14

On the other hand, let a E then T' = r B 7 where
11 1

4 4
U B7 B" =-(1),W(2),...,)(6 )) U a(W), 1 B (W)

and

Ba U (1 = (i),a(2),...,a( 6 )) IJ a(W), Bc -=(W).
i 2.

Here W = (7,8, .... (k+3)).

Let xi = a(i), then TC  has the properties as described in

Theorem 4.2, i.e., Ta ' S. Hence we have the desired result.

Although Graham, Li and Li (1980) provided a basis for the

(v,k) trades, the collection 7 is indeed more practical in cons-

tructing new designs from a given BIB design.

Example 4.1. Let d denote the design presented in Table 1
x~Y

corresponding to b = x and b = y. Let T = (1234) + (1468)

+ (2458) + (3456) - (4568) - (2345) - (146) - (1248), then

T ' . Add T to d42,39' we obtain the design d42 ,41 . Now

let T = (1245) + (1268) + (1348) + (1356) - (1368) - (1545)

- (1256) - (1248), which is also in n. Add T to d1[141, we

obtain the design d 42 ,42 in Table 1.
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As we have mentioned before, the designs in Table 1 with

b = 28, b = 23 and b = 56. b = 55 are similarly constructed

by repeated application of trades in ".

Note that for given v and k, if bmin  is the minimum

positive integer solution for b satisfying (i) bk = vr and

(ii) X(v-1) = r(k-1) with X,r positive integers, then any other

solution b must be a multiple of bmin* If a BIB design d

with parameters vk,b min exists, other BIB designs based on v

and k should be able to be constructed from md by adding

trades of the form 7 t T1  with t E Z and T E to md,

where md denotes m copies of d, m = 1,2,.... It is important

to note that. without using the table provided by Hedayat and Li

(1979), we can still construct BIB designs based on v = 8 and

k = 4 with all possible support sizes as long as we have the

first design. As a matter of fact, designs with minimum b

corresponding to each b , 14 K b K 70 and b 4 15,16,17,19

have also been constructed through the above method without any

difficulty.
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5. Final remarks.

(i) It is known that b v and b* 4 v+l for any v.

Also when b = v, the designs are uniform (i.e., all the blocks

repeat the same number of times.) (See Foody (1980) and van Lint

and Ryser (1972).) From Foody (1980), any design with v = 8, k 4

b 10 if it exists is also uniform. In Foody (1980), Proposition

2.5 leads the nonexistence of designs with v = 8. k 4 and
X

b 8,10. Therefore when v = 8 and k = 24. 11 b (8)

(ii) In this report, we provided a table of designs based on

v = 8 and k 4 which has minimum b corresponding to each b*

such that b I 14 and b 4 15,16,17,19. Whether there exist

BIB(8,14m,7m,4,3mib*) designs with b* G fll,12,15,15,i6,17,19)

is still unknown.

(iii) In the Appendix, we have shown that there is no (v,k)

trade of volume 1,2,3 and no (v,k) trade of volume 5 for k ' 4.

Hence if any of the above missing designs exists for b = 28, it

has to be indecomposable.

(iv) Whether there is a k such that a (v,k) trade of

volume 5 exists is an interesting unsolved problem.

I:i
1...~,i
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APPENDIX

Study of trades of volume t

For convenience, we give an alternative definition of a

(v,k) trade:

Definition A.l. A (v,k) trade of volume t, 5 : k < v, is a pair

DI:D 2  such that each Di is a set of t blocks in vFk with

the properties that (i) D - D 2 and (ii) each pair of elements

in V appears together in blocks of D ? the same number of times

as in D1 .

Given v and k, let D be a set of t blocks in vrk.

Note that we do not rule out the possibility that D may contain

several copies of a block. Order the blocks in D lexicographic-

ally. It is natural to identify D as a txv matrix A such
that A' = (aj is the incidence matrix of elements in V versus

that ' = (ji)

blocks in D with aji equal to one if the Jth element of V

is in the ith block of D and zero otherwise. We shall call A

the matrix representation of D.

Lemma A.l. Let DI:D 2  be a pair of t blocks in v'k. 3 - k < v

and let Ai be the matrix representation of D i , i = 1,P. Then

DI:D2  is a (v,k) trade of volume t if and only if:

Iii .



(i) A1 J vX k J =~' 1, 2.

(ii) R(A1 ) n R(A 2) 4 where R(A1 ) is the set off row

vectors of A1, i = 1,2.V

(iii) A"A1  AIIA , where At is the transpose ofA.

i = 1,2.

Proo: Lt ,J) ad 2 denote the number of replicationsProof: Lje t Ijt nd).
off the pair OML in D and D2 respectively. It suffices1
to note that D :D2  is a trade if and only if (I)M - 1 2), for

all J,4t e V; while A1A, - (X(1)) and AIA = (X(2)).
11 2 t

Lemma A.2. If D 1:D 2  is a (v,k) trade of volume t. then

D D2is a (v,v-k) trade of volume t, wzhere DC = (BC; BcDI

and BC = V-B, the complement of B with respect to V.

Proo: B Lema 21, D1 : 2 is a trade if and only if

B' B = B1 1 2 22
where B1i is the matrix representation of DCi Since D 1 D 2is

a trade, then A'jAl = A'A2  Here again Ai is the matrix repre-

sentation of D 1.

Now B i = J - A1, thus

1' 1 2 2 (J-Al)' (J-A) (J-A2) (JT-A2

V J(A 2-A) (A* -A' )J.
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But
r (i )  r(i) ....... rv )

1 2 v

r(i) ....... r(i)

where = X() is the number of replications of the jth

element of V in Di.

A'A = A#A - r(I ) (2) for j = 1.2,...,v.1 1 2 2 j

J'A 1 = J'A2 •

Therefore BIB1  B'B2  as desired.

Hereafter, let BWI) and B 2) denote the ith rows of A1

and A2 respectively. Also let C(l) and C(2) denote the jth
2 :1

columns of A1 and A2  respectively.

Lemma A.3. Suppose D1 :D2  is a (v,k) trade of volume t. Let

r. denote the replication number of the jth element of V.

Then rj = 0 or 2 -V r, t and r t-1.

Proof: Assume r4 = t-1 (0 O) for some C c V. Let

A = (a1)) and A2 = (2) be the matrix representations of
( (ij 2 i

D and D2  respectively. Assume a(') ) 1 for 1 -i !c t-i

and a(l) 0.

*'t

-Y " m
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Let to be any element in V.

Case : (i)a' = 1, then X, C ,l) - -1. assump-

tion A'A A'A =with J = i i,j e V. Hence1 1 2 2 =rij

c$2)C$~) r,, - 1 implies a~ it if -

____ ~(1)' 1,__
Case (ii):. atli' 0, then c~ ct, r.,, . Which implies

a2) o, i a(2) (2 hn a.J j), yt, E V.ie.

B~l) B(2)which is impossible.

Corollary A.l. There is no (v,k) trade of volume 1, 2, and 3

Note that if D :D is a (v,k) trade of volume t and1 2
r t for some J c V then we can delete the jth element of

V from each block of D and D and obtain a (v, k-i) trade

of volume t. Therefore to study the existence of (v,k) trades

of volume t, it is enough to search among those with r4  t.

Moreover, let n be the number of elements of V appearing in

D 1and D 2 9 then

1+ <nKkt2 A1

Since if n < k+3 the collection of (n,k) trades is void

[Graver and Jurkat (1973)]. n < kt/2 because each element takes

at least two positions out of kt positions in the t blocks.

Also, let E CieV; ri J), 0 j t, it is easy to verify

that
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r L Jn ,

and (A.2)and i

rj iIEj = kt.

From now on, we study the case when t = 5. By (A.1) for any

(v,X) trade of volume 5, n , 5k/2. Hence if DI:D 2  is any (v,k)

trade of volume 5, for best convenience, their matrix representa-

tions will be 5x4 matrices with t. = [5k/2), where [x] denotes

the greatest integer _ x.

Theorem A.1. If D1 :D2  is a (v,k) trade of volume 5, then any

two blccks in D. , i = 1,2, has at most k-2 elements in common.

Proof: It is enough to prove that the assertion is true for

i = 1. Let A1 and A2  be the matrix representations of D

and D2  respectively. Assume that

I I! S

1 S11  eS12  13 /

with C = (1 or C = (
"1 0. 01

Case (i): r, 2 for some 1 j r k-l. We ma assume that

J = 1. Then

S 0'.
= 10'Sl~

11 \OIS147

and

..-.. .. ..
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A'A co SO . I C

(01 S,~21 (S Si21 A5

s13/ 111 S12 :S3,

where

J'JI+ S S2J - l + S

= 2Jl- -l) + -S " 'A3

so S St, S4 i

11 11 (k-l)x(k-1)+ si

2J (k 2)x(k 2) + Sg4\2 2 .

implies ij = 2 for I < j <k-i. (A.4)

r * . 7- . b 1 - . -! .
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(a) If C =(1 0' then'.1 0/'

IS+ S = + =
111 2 0(*) 1 2)

and S' S 1which implies

- 11 13 _ _

ik 2 and )iJ = 0 for k < j v. (A.5)

Since AIA = A2A 2 = (i j), A.) _and (A.5) imply that

B(2) = B (2) = -) Bl

(b) If C-(i 0), then

11 12 ~(k-l)x
2
1o

and Sp S 2-(ii) which implies
- 11 13

k l (k+) 1 and = 0 for k+l < j " v. (A.6)

Since A'A1 = A'A = ( (A), 4) and (A.6) imply that
1 2 2 Xij - __

B~)= B(2 i 1 1,2.

Case (ii). rj = 3 for all 1 5 J 1 k-l. We may assume

s 1= (sl : S2 s3)

where each Si is a 3xk, matrix with one's in the ith row and

"A.- ' 1,
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3
zero elsewhere, k1 . k2  k3  O, r ki = k-1.

i=l

Then AlA is of the form (A.3), but

s

j'ji + ss' ss s!s Ss
1111 (k.1)x(k-1) + 2x1a 2-2 2-3

Is~ :SIS S'~s3

K 

o 

o 0

J 0 o

= g(k-1)x(k-1) +, :J k2xk (A.7)

2 e:2

S,

(a5J a , h_.n

kxk~~ xk3 xk 2

i3 -

1 12 12

= 2Jk xk :k 1 kxk :2J kx A7
2 1 * 2 2 2 kx 3 (A)

21 2xk k 2 3 xk k 3 3 xk
3 1 151 * 33)

Set k-1 1 1 o , 0 (.A.7) IMplies that for t =1,2.3 and

20 1 !cji k-i but j (kj + kt-11 k t- tk2 +Iti(32 + k +- +t _ ki]

(a) If C=(1 0 then
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JC + S* S + SISSIIS12 1S2

which implies Xk ?- 2, for 1 i r k-l.

Since AIA 1  AA it forces B(2 B for i 1

or i=2.

(b) IfC 10)

J'C +' S + SII S

11 12 -(k-l)x2 11 12'

which implies ij ! 1 for 1 , I ; k-1, J = k, k+l. If kt 4 0
for t = 1,2, then either B(2) or B(2) has to be equal to one

theneithr orB(2) ___ _ __(2)_

of Bl or B2 ). If k = 0, also forces either B(2)

or B( 2 ) equals to one of B(l) or BMI ) otherwise B(2) has
2_ 1 - 2 3 ___

at least k + 1 one's which is a contradiction.

By using (A.1) and Theorem A.1, it is easy to obtain:

Corollary A.2. There is no (v,3) trade of volume 5.

Lemma A.4. Suppose DI:D 2  is a (v,k) trade of volume 5 and

there is no (vk-l) trade of volume 5. Then the number n of

varieties appearing in DI :D2  is at least 2k.

I ,2
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Proof: If n 2k-1, D :D can be considered as a (2k-l,k) trade

of volume 5.

Lemma A.2 implies DC D is a (2k-l,k-1) trade of volume1. 2

5 which is a contradiction.

Theorem A.2. There is no (v,4) trade of volume 5.

Proof: Suppose D :D2  is a (v,4) trade of volume 5. By Theorem

A.1, any two blocks in D. has at most 2 elements in common,

triplet will not occur in block intersections. To examine the

existence of such trades, it is enough to consider three cases:

(1) each pair appears in Di at most once; (2) there is a pair

appearing in Di  twice and other pairs appearing in Di at most

twice; (3) there is a pair appearing in Di three times.

It is enough to start with D1 .

Case (1). This i. indeed the case tBIl) n B(-)I -. 1 for all

and J. Since if IJBl) B~l)" 0 for some i and J, the

number of varieties appearing in D would be greater than 10
1

which contradicts to (A.1). Ten varieties will be involved, each

appearing twice. With no loss, we may assume

- __ _ __ ____

- . *~ V. . -
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/iii00000o\

AI i0010011oo
1 0100101101

00100101l

To satisfy the conditions A'A A'A and JB ) n B(1)1
- 1 2 2- 1

IB 2) f B 1 for all i and J, A2 has to be equal to

Al"

Case (2). Max ki =2. Let r = max ri and r = max r,~i,jEV -- i -

where (i,j) runs through all the pairs with Xij 2. Then

(rl,r 2 ) = (2,2) or (3,2) or (3,3).

(1) If r1 = r 2  2, then

f1 1 1 1 0 0 0 0 0(100110000

Al= Si,

0'

A2 = 0'

('

i with

(1100 0 0\0

S 1 0 11 11 no 00ood

O O l i ----- ----

with
1 1 0 0 0 w h ch i n o g o o

2 0, 0 .a 0 .0~ 1 11
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2_(1 1 011 001
or S2~= 0011 1

The latter forces

0I l1 01101
1 0 000 1 11 1)

and hence B(I ) B2 a contradiction.

- 5 5 ctrdcin

(ii) If r= 3, but r2 -2, then

1111000000

1100110000

01 S1

00'

which implies

1101010000

A2 = 101
0 0 S2!( 0 0

This implies B(1) B a contradiction.
3
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(iii) If r r1  = , n 9 and

1I 0 0 1 1 0O0 00

1 1S
0 0

which implies Xij = 1 for 1= 1,2 and 3 J 6. Also X 5 1

and X56 ; 1. There are four possibilities for A2 :

( 110 0 0 1 0 0 0
S1 00000110

(a) A2  1 0 -0 01
01' S2

Then

2 (0 111 0 000

O0 0001110

implies IB(2) n B(2), = 3 which is impossible.111010000
11101000

(b) A 2  1 o0,
0 1

which implies

|-- I' lll /.
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S 3 X4 x50 1 x 8 9 0S y 3 Y4t Y5 0 1 Y8 Y9

u 1 1 0 v1 w1

and

(X3 x4 x5 1 0 x8 x9 0i

$ 2 = Y4 Y5 1 0 Y8 Y9 0

1 u 2 0 1 v2 w2 0

S2  implies X 2 and hence x =Y = 1 and u =0. S1

implies X 56 = 2 and hence x5 = Y5 " u 2  0. But these imply

that B) B(11) 3 and IB (2) n B(2), 3. a contradiction.

S100001 1 00
-------------------------

(C) A 2  1 0 )
01 s S2

implies

(x3 O x Ol01i1x90

Sl 3_Y5011 Y9

S11

and

(X3 1 x 5 1 0 0 x 9 0

21 0)

S 2  implies X = 2 but there is no way to arrange S with

such property.

L*V
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!101010000

(d) A2  1 o1 s2  /.
0 0

This implies B"l) B( and B~l) B

-3 ~34 4

Case (3). Max I = 5. Assume r1  r 2  Xl2= 3 (again

i,jcV

n 9).

100ll00

01 10000(A 100 0 0 1 100)

implies Iij =1 for i = 1,2 and 3 J8. Also 34 1,

56 2 1 178 2 1 and 1 10 0. Therefore

(1101 C0010100
A 110 01010 00

with two of x,y,z,u equal to one. But there is no way to arrange

S1 •

All the three cases are ruled out, we now have the desired

result.

.~.. '~i".
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